The first three moments of the millimeter-wavelength radar Doppler spectrum provide valuable information regarding both cloud properties and air motion. An algorithm using these Doppler radar moments is developed to retrieve cirrus microphysical properties and the mean air vertical motion and their errors. The observed Doppler spectrum results from the convolution of a quiet-air radar reflectivity spectrum with the turbulence probability density function. Instead of expressing the convolution integral in terms of the particle fall velocity as in past studies, herein the convolution integral is integrated over the air motion so that the mean vertical velocity within the sample volume can be explicitly solved. To avoid an illconditioned problem, the turbulence is considered as a parameter in the algorithm and predetermined from the Doppler spectrum width and radar reflectivity based on the observation that the spread of the particle size distribution in the velocity domain dominates the Doppler spectrum width measurement for most cirrus. It is also shown that the assumed single mode functional shapes cannot reliably represent significant bimodalities. Nevertheless, the IWC can be retrieved more reliably than can the mass mean particle size. Error analysis also shows that the retrieval algorithm results are very sensitive to the power-law relationships describing the ice particle mass and the terminal velocity in terms of the particle maximum length. It is estimated that the algorithm errors will be on the order of 35%, 85%, and Ϯ20 cm s Ϫ1 for mass mean particle size, IWC, and sample volume mean air motion, respectively. Algorithm validation with in situ data demonstrates that the algorithm can determine the cloud microphysical properties and air mean vertical velocity within the predicted theoretical error bounds.
Introduction
Cirrus clouds are recognized as an important component of the earth's climate system because of their effects on the energy and water cycles (Ramanathan et al. 1989; Randall et al. 1989; Ackerman et al. 1988; Jensen et al. 2004) . With this recognition, many projects [e.g., the Atmospheric Radiation Measurement Program (ARM; Stokes and Schwartz 1994) ] and field programs [e.g., The Cirrus Regional Study of Tropical Anvil and Cirrus Layer (CRYSTAL) Florida Area Cirrus Experiment (FACE); Jensen et al. 2004] have been conducted to provide better observations of cirrus properties with an ultimate goal of improving the representation of cirrus in general circulation models where their current parameterization is known to be deficient (Del Genio 1996) . At the same time, many algorithms have been developed to retrieve cirrus microphysical properties by using measurements from those field programs, for example, radar-lidar (Wang and Sassen 2002) , radar-radiometer (Mace et al. 1998; Matrosov 1999) , lidar-radiometer (Comstock et al. 2002) , and radar- Matrosov et al. 2002) or lidar- (Wang et al. 2004 ) only algorithms. Each instrument type has its own advantages and disadvantages so that the challenge for algorithm developers is often to combine various measurements so that the natural synergy among the measurements can be exploited.
For instance, combining data from radiometer and lidar provides an opportunity to study optically thin cirrus clouds (Platt and Harshvardhan 1988; Comstock et al. 2002; Zhang and Mace 2006) . The temperature inferred from the radiance measured by an infrared radiometer in the atmospheric "window" of 10-12 m is generally lower than the blackbody brightness temperature for thin cirrus clouds. The IR emissivity of these layers is combined with a measurement of visible extinction from lidar to infer the cloud microphysical characteristics. However, it is known that these procedures produce biased results when clouds are optically thick or have multiple layers.
Multilayered clouds occur commonly in the vicinity of deep tropical convection (Comstock et al. 2002) . Over the tropical oceans, thin cirrus layers often overlie boundary layers containing significant amounts of cumulus and stratocumulus (Warren et al. 1985) . Those characteristics make the algorithms using radiometer or lidar measurement inapplicable. As an alternative, the millimeter Doppler cloud radar (MMCR), because of its capabilities, is uniquely suited to study optically thick and multilayered cirrus. First, millimeter-wavelength cloud radar can often penetrate optically thick low-and midlevel clouds with minimal attenuation and provide valuable information regarding higher clouds. Second, Doppler measurements provide a backscattered power spectrum as a function of the particle fall velocity, which is related to, among other things, the particle mass (Mitchell 1996) . Moreover, the second Doppler moment d (see appendix B for a description of variables herein) or Doppler spectrum width, is a measurement of the spread of the signal in the Doppler velocity domain, and is attributed to the presence of particles with different terminal velocities and the turbulence within the radar sample volume. As a result, the spectrum width measurement is potentially important for the interpretation of Doppler radar data in terms of cloud dynamics.
Several algorithms have been developed to use radar reflectivity and Doppler velocity. Mace et al. (2002) and Matrosov et al. (2002) assume that at each range gate, the measured mean Doppler velocity represents the sum of the reflectivity-weighted particle fall velocities and the vertical air motion. They assume that after suitable averaging (ϳ15-20 min), the residual air motions will be small relative to the sedimentation speeds of the particles that contribute most to the radar measurements. The radar reflectivity and corrected Doppler velocity can then be used to retrieve the microphysical properties in each radar resolution volume by assuming an exponential particle size distribution (PSD). These algorithms depend heavily on the estimation accuracy of the particle terminal velocity. The residual vertical air motion, as well as the turbulence within the radar sample volume, is a critical source of uncertainty in retrieving cloud and precipitation microphysical information. Several investigations (Gossard 1994; Babb and Verlinde 2000; Kollias et al. 2003) have suggested approaches to deconvolve the turbulence from the Doppler velocity spectrum to retrieve the properties of water clouds or drizzle. However, these approaches have not been applied to cirrus clouds.
In addition to the microphysical properties of cirrus clouds, knowledge of cirrus radiative and dynamical processes is important for understanding the maintenance of cirrus layers within the atmosphere, and this understanding is critical to develop realistic representations of cirrus in large-scale models. Few studies have evaluated the representation of cirrus in numerical models mainly because of the paucity of reliable observations that are collected on space and time scales relevant to models. Such an approach was pioneered by Heymsfield (1977) , who found that cirrus properties depend strongly on the ambient vertical velocity and temperature. Heymsfield and Donner (1990) proposed a simple scheme for parameterizing ice water content (IWC) in general circulation models from the largescale vertical velocity and temperature based on balancing the water vapor deposition and the ice particle sedimentation. This parameterization is meaningful for cirrus clouds generated in situ by synoptic-scale lifting of a moist layer (e.g., Boehm et al. 1999 ). However, Mace et al. (1997 Mace et al. ( , 2006 show that cirrus are found in environments in which the large-scale atmosphere is weakly ascending on average, but nearly half the cirrus are observed in weak large-scale subsidence. To unveil the relationship between the cirrus properties and dynamical and radiative processes, it is important to know the vertical velocity on different scales (Gultepe and Starr 1995) , but particularly on the cloud scale where saturation ratios and subsequent particle formation are determined by the magnitude of the ascent.
In this study, a new cloud property retrieval algorithm that uses the first three Doppler radar moments (radar reflectivity, mean Doppler velocity, and spectrum width) is developed to retrieve cirrus cloud microphysical properties and mean vertical air motions simultaneously, along with estimations of uncertainties. This algorithm is developed as in Gossard (1994) by first stating that the observed Doppler spectrum is the product of a convolution between a quiet-air reflectivity spectrum (i.e., a cirrus particle size distribution existing within a sample volume that has no component of air motion along the radar beam) and the air turbulence probability density function (PDF). Assuming an exponential particle size distribution and an exponential PDF of air turbulence, a set of analytical equations relating the state variables and the measured Doppler spectrum moments are developed. Once these equations are set up, we formulate the retrieval problem into a framework based on the estimation theory of Rodgers (2000) . The sensitivity and error analysis are shown in section 3. In section 4, we use in situ data for algorithm validation, and a summary is given in section 5.
Algorithm development
In this section, the radar Doppler spectrum is first expressed in terms of the convolution between an assumed cirrus particle size distribution and a PDF of turbulence. Through integration of the Doppler spectrum, the first three radar Doppler moments are then related to a state vector (particle size distribution and air turbulence parameters). These equations compose our forward model. Following a forward-model sensitivity study, a method to make an initial guess is proposed and the inversion formalism is discussed.
a. The quiet-air Doppler spectrum
First, by considering the quiet-air radar volume, the water-equivalent radar reflectivity factor Z e is expressed as
where the parameters a z and b z are constants found through a power-law function describing the radar backscatter cross section (Aydin and Walsh 1999; Mace et al. 2002) , in terms of the particle maximum dimension (D). Here, N(D) represents the particle size distribution. Rayleigh scattering is assumed in Eq.
(1), which is valid for particles less than 800 m at 35-GHz wavelength (Donovan et al. 2004) . So the radar reflectivity density function is defined as
N͑D͒. ͑2͒
Some researchers have suggested that the particle size versus number concentration spectra can be well represented by one or more exponential regimes . Here we consider a simple exponential function to describe the PSD, and then the quiet-air spectrum density function becomes
where N o is the particle concentration intercept and is the exponential slope. However, the observed radar Doppler spectrum is a function of Doppler velocity. Fortunately, the relationship between the ice particle terminal velocity in quiet air and the ice particle size has been studied and can be fitted by a power-law function according to in situ measurements (e.g., Heymsfield and Iaquinta 2000; Mitchell 1996) ,
where With Eq. (4), the transformed quiet-air reflectivity spectral density function in terms of the particle fall velocity is
b. The convolution of the quiet-air Doppler spectrum with turbulence
The actual reflectivity spectrum S(w i ) is derived through a convolution of the quiet-air spectrum S(V f ) with a PDF function G(w j ) of turbulence (Gossard 1994; Babb and Verlinde 2000) :
where w i and w j are Doppler velocity and air vertical velocity, respectively. The limit of the integration is (Ϫϱ, w i ), because there are no quiet-air ice particles with upward velocity. In other words, the air velocity is always smaller than the Doppler velocity because we assume that downward motion is positive. In comparing with Gossard (1994) , Eq. (6) is parallel to his Eq. (12a), which is limited between (0, ϱ) for the particle fall velocity integration. However, here we have invoked the commutative principle so that we can express the air turbulence PDF explicitly in terms of the mean vertical air motion and we integrate the convolution integral with respect to the air velocity rather than the particle fall velocity. Following Gossard (1994) , the distribution of air turbulence can be approximated by an exponential PDF given by
where W m is the mean air vertical velocity, 1.4W is the standard deviation of the vertical motion and represents the turbulent intensity (hereinafter called the std dev of the vertical motion). In Fig. 1 (5) and (7) into Eq. (6), we have the turbulence-convolved spectral density function in Eqs. (8) and (9) in two different Doppler velocity ranges:
for (w i Ͻ w m ) and
for (w i Ͼ w m ). The net effect of convolution is to broaden and shift the original quiet-air signal. Figure 2 shows the broadening (resulting from the turbulence) and shifting effects (resulting from the air mean velocity) of air motions to the quiet-air Doppler spectrum (solid line). As the air mean upward motion increases, the convolved Doppler spectrum shifts to negative Doppler velocity. As w increases, the Doppler spectrum broadens. Through Eqs. (8) and (9), we can calculate the moments of the radar Doppler spectrum by integration. The radar reflectivity Z e , mean Doppler velocity V d , and Doppler spectrum width d can be expressed as
, and ͑11͒
The ensemble cirrus properties such as IWC, massweighted mean particle size D mass , and mass-weighted particle fall velocity V fmass can be derived from the retrieved particle size distribution.
IWC can be derived by integrating the individual particle mass over the particle size distribution. For the exponential PSD considered here, by using a masssized power-law relationship
where a m and b m are the power-law parameters, the IWC can be estimated as
.
͑14͒
The V fmass can be derived analytically as
The PDF of turbulence in 15 s of 25-Hz air velocity data measured by the UND Citation aircraft. The solid line with an asterisk represents the in situ measurements. The dash line with a diamond represents an exponential fit with Eq. (7) in the text.
In the same way, the D mass can be written as
Actually, the power laws, as published, represent limited particle size ranges and are not strictly applicable for integration over a full particle size distribution as we apply them here. Using a single power law for integration convenience adds to the uncertainty of the retrieval algorithm and will be an issue that will addressed in future implementations of this algorithm. It should be noted, however, that the use of single power laws to represent full PSDs is a common practice in most cirrus retrieval algorithms, with the exception of the innovative work described in Matrosov et al. (2002) .
c. The optimal estimation framework and the initial guess of the solution
In the last section, we showed how the first three Doppler moments could be described analytically as functions of N o , , W m , and W by assuming that the radar backscattering cross section and terminal velocity follow power-law relationships with respect to the PSD. Based on Eqs. (10)- (12), a forward model of the Doppler radar observations can be formulated that relies on the PSD and turbulence PDF. In this forward model, we also assume values of the model parameters (a z , a d , b z , and b d ) according to in situ data studies (Mitchell 1996; Heymsfield and Iaquinta 2000) . The response of the forward model is shown in Fig. 3 and can be summarized in the following three relationships:
The sensitivity study shows that each of the radar moments is primarily dependent on two of the forward- model input variables, and all depend on . The radar reflectivity is determined only by the particle size distribution, the mean Doppler velocity is the quiet-air Doppler fall velocity of the particle size distribution shifted by the mean air motion, and the Doppler spectrum width is determined by the variance of the particle size distribution and the turbulence intensity. The inversion problem, as we have posed it here, is ill conditioned, with three measurements to solve for four unknowns. To address this problem, we could resort, for instance, to Z e -IWC empirical relationships (e.g., Liu and Illingworth 2000) as a fourth source of information. However, such empirical relationships have significant uncertainties as shown in observations and theory (Atlas et al. 1995) . Therefore, in the current algorithm, W is not retrieved but is considered as a parameter and estimated as described below.
Our rationale to estimate W is based on two facts. First, the observed range of W around cirrus clouds is typically small. Using approximately 5 h of in situ data from the midlatitudes and Tropics, we find that W tends to be distributed between about 5 and 15 cm s Ϫ1 . Second, from the forward-model response ( Fig. 3c ) we know that of the Doppler radar measured quantities, only the Doppler spectrum width depends on W . In Fig. 3c , the simulated Doppler spectrum width is also labeled as a function of D mass on the right-hand axis. We find that, in the range of D mass for cirrus (100-850 m) and with W as found in aircraft data, the spectrum width is nearly insensitive to W in the range in which W is observed in most cirrus.
To estimate W we rely on the fact that the Doppler spectrum width in cirrus ( d ) is attributed primarily to the slope of the particle size distribution () and the breadth of the turbulence PDF (W ). Furthermore, physically W is always less than d , and, for the same Doppler spectrum width, the larger is, the larger W is. At the same time, the radar reflectivity is inversely related to a certain power of [by the integration of Eq. (10)]. Slope indirectly indicates the dispersion of the particle fall velocity because the larger the is, the more likely there is to be a broad PSD and thus a broad particle fall velocity distribution. Thus, the breadth of the turbulence PDF (W ) is estimated empirically as a function of the magnitude of the Doppler spectrum width (cm s
Ϫ1
) and the radar reflectivity (dBZ ):
where a w and b w are empirically derived constants. The maximum of absolute Z e is about 40 because the minimum detectable radar reflectivity of MMCR at cirrus altitudes is Ϫ40 dBZ. Equation (20) is only appropriate for cirrus with Z e less than 0 dBZ, which is the case for most cirrus clouds. When the reflectivity is small (i.e., the absolute value of Z e in dBZ is larger) the turbulence has a larger contribution to spectrum width. Here, a w and b w are derived using in situ vertical velocity data and MMCR observations collected in cirrus during 9 and 13 March 2000 at ARM SGP. The results are shown in Fig. 5 . The fitted parameters are 4.95 and 0.45 for a w and b w , respectively. The correlation coefficient between the fitting (solid line) and the observation (black cross) is about 0.8. For cirrus with Z e greater than 0 dBZ, W is set as the mean value (10 cm s Ϫ1 ) of the in situ observation discussed in the previous paragraph. From the forward-model sensitivity study, we can see that Doppler spectrum width is primarily determined by the dispersion of the particle fall velocities when the radar reflectivity is larger than 0 dBZ. The uncertainty of the final solution resulting from the W estimation error will be investigated in the next section.
A flowchart for estimating the first guess of the algorithm solution is shown in Fig. 6 . Once W is estimated through d and Z e , is approximately determined through the observed Doppler spectrum width and W . After that, N o is approximated from Z e and . The air mean velocity is approximated from V d and the relationship of terminal velocity versus length. The first guess provides a reasonable approximation of the solution that is then used in the inversion algorithm. The inversion technique is based on optimal estimation theory (Rodgers 2000) . This technique uses a GaussNewton iterative scheme to minimize the gradient of a cost function that balances uncertainties in the first guess, the observations, and the model parameters to determine N o , , and W m along with their uncertainties from the first three Doppler radar moments. Because the inversion algorithm assumes that the problem is reasonably linear, we use perturbations up to 80% to each variable in the initial guess to test whether the solution can converge. The results (figures not shown) show that the solution of PSD parameters can converge to within 30% uncertainty for up to 80% perturbation in their initial guess. However, the mean vertical air motion retrieval is very sensitive to its initial guess. It will bypass 30% uncertainty when its initial guess is underestimated by 50%. However, from the flowchart we can see that the initial guess first gets the PSD parameter, then W m . This flowchart can partially decrease the deviation of the initially guessed W m from actual solution, and hence improve the nonlinear problem.
As derived above, the forward model requires specification of six empirical parameters for the fall velocity, radar backscatter cross section, and mass as a function of maximum particle dimension using power-law relationships. However, the backscatter cross section for small spherical crystals is a function of the sixth moment of the particle volume-equivalent length (Ma- As a result, the parameters in the backscatter crosssectional power-law relationship are strongly correlated to those parameters in the mass power-law relationship. In appendix A, this dependence is deduced through both the effective ice particle density-length relationship and the mass-length relationship using a spherical model for cirrus particles. (Mitchell 1996) , the derivation is tedious and does not reduce the number of parameters. Using Eq. (A2), we can derive a z and b z from a m and b m . These parameters are typically deduced from in situ data and depend on the particle size and crystal habit (Heymsfield 2003 , Heymsfield et al. 2004 ). The uncertainties resulting from the possibility of biased power-law fit parameters will be investigated in the following section. In this paper, the parameters for algorithm retrieval are adapted from published works (Heymsfield and Iaquinta 2000; Mitchell 1996 ) and assumed to vary as a function of temperature and pressure.
Algorithm error analysis
The accuracy of the retrieval results depend on the degree of accuracy of the assumptions in the forward model and uncertainties in the forward-model powerlaw fit parameters, while the precision of the results depends also on observational uncertainties. In the following paragraphs, we focus on the sensitivity of the retrieval results to the exponential particle size distribution assumption and the model parameters (a m , b m ,  a d , b d , and W ) . This error analysis sheds some light on the veracity of the algorithm results and presents paths toward improving the retrieval algorithm as additional empirical information becomes available.
a. Sensitivity to the exponential PSD assumption
The PSD can be modeled using different mathematical functions. A detailed analysis of aircraft-observed particle-sized spectra is shown in Mace et al. (2002) and Heymsfield et al. (2004) . It is well known that aircraftobserved PSDs can be fitted with single-mode exponential or Gamma functions or with combinations of these functions to create a bimodal distribution. For instance, an exponential distribution for the small particles and a gamma distribution for the large particles were used in Mace et al. (2002) . The modified gamma function is described as
where N g is a proportionality constant, D g is the size where the function N(D) maximizes, and ␣ indicates the breadth of the spectrum, where ␣ can vary from 1 to 20. The larger it is, the narrower the spectrum is. With three adjustable parameters, the modified gamma function can fit unimodal PSDs to a high level of precision. The modified gamma distribution is also used as a twoparameter function by assuming a fixed ␣ (Gossard 1994; Mace et al. 1998 Mace et al. , 2005 . Even though both the exponential and the fixed ␣-modified gamma functions use two parameters, the exponential PSD always includes small particles while the gamma distribution can be biased to the large particles. Figure 7 shows the exponential PSD and gamma distributions for ␣ equal to 1, 3, and 5 for an IWC of 13 mg m Ϫ3 and radar reflectivity of Ϫ24.0 dBZ. We can see that, relative to the exponential distribution, the gamma distribution tends to have fewer particles in the distribution ex- The algorithm we describe in this paper only uses radar observations without other measurements such as the lidar extinction or emittance from an IR radiometer. The difference between the exponential and fixed gamma distributions might be important for the retrieval of particle size. For example, the quiet-air Doppler velocity and spectrum width as a function of D mass are plotted in Fig. 8 for exponential (solid line) and gamma distributions assuming ␣ is equal to 1, 3, and 5 (dash, dot-dash, and triple dot-dash, respectively). We can see that, for the same D mass , the exponential PSD has the largest Doppler velocity and spectrum width. In other words, for a given Doppler velocity and spectrum width an exponential PSD would result in the smallest particle size. As a result, the accuracy of the retrieved particle size depends on how closely the assumed PSD in the algorithm represents the actual PSD. In the following, we explore the effect of the assumed particle size distribution on this algorithm using in situ data measured by the UND Citation aircraft during the March 2000 IOP at the ARM SGP site. The parameters (W m and W ) are calculated with Eq. (7) from 15-s intervals of 25-Hz Citation data as in Fig. 4 . The PSDs are reconstructed from both UND two-dimensional cloud probe (2DC) and forward-scattering spectrometer probe (FSSP) data ranging from 30 to 1000 m.
The particle sizes are calculated from raw 2DC image data using the particle reconstruction method in Heymsfield and Parrish (1978) , which allows the size of particles that are off the edge of the diode array to be estimated. The FSSP 1-Hz data, provided by M. Poellot of UND, were used for particle distributions below 50 m. The procedure for this sensitivity study is to compute the radar moments from the aircraft vertical velocity and particle spectra using numerical integration. Then, the microphysical properties and air mean velocity are retrieved with the algorithms assuming an exponential PSD or modified Gamma PSD with ␣ equal to 3 or 5.
Several examples of in situ particle size spectra and corresponding retrievals are shown in Fig. 9 . In each panel, the triangle, asterisk, and diamond represent in situ observations, exponential PSD retrieval, and gamma PSD retrieval with ␣ equal to 5, respectively. The results illustrated in Fig. 9a favor the exponential PSD assumption even though the in situ PSD has somewhat smaller concentrations of large particles leading to an estimate of D mass from the exponential assumption that is slightly larger than the in situ measurements. In Fig. 9b , the concentration of small particles is smaller and the gamma PSD retrieval does better. The case in Fig. 9c begins to show bimodality. Even though the assumed exponential PSD or gamma PSD could have the same integrated radar moments, the retrieval underestimates the ensemble mass-weighted particle length by about 40% and 25%, respectively, because the single-mode distribution functions overestimate the concentration of small particles. In Fig. 9d , bimodality is even more significant so that the exponential PSD and gamma PSD retrieval underestimate the particle size by about 60% and 30%, respectively.
For comparison, the dataset is grouped into seven classes based on the correlation coefficient r between the second moment of the retrieved exponential PSD and that of the in situ PSD. The ranges of r for the seven comparison classes are listed in Table 1 .
The comparison results are shown in Fig. 10 . The cases shown in Fig. 9 are included in class 1, 3, 4, and 7, respectively. We find that the exponential PSD generally results in the smallest size and largest air velocity (positive is downward motion), even for the smallest upward motion. In comparing the retrieval with the in situ measurements, the exponential PSD retrieval works well for the first two classes, where the in situ PSD is reasonably approximated by an exponential PSD. However, as the concentration of small particles decreases, the gamma PSD retrieval with ␣ equal to 5 FIG. 9. Examples of in situ observed PSD in comparison with the exponential PSD and gamma PSD with ␣ equal to 5 derived from the retrieved PSD parameters. The in situ PSD, the retrieved exponential PSD, and the retrieved gamma PSD with ␣ equal to 5 are represented by the triangle, the asterisk, and the diamond. (a) The exponential PSD retrieval best represents the in situ PSD, (b) the gamma PSD retrieval represents the observations better than the exponential function, and (c) the in situ PSD is slightly bimodal. The exponential PSD and gamma PSD retrievals underestimate the particle size by about 40% and 25%. (d) The observed PSD is significantly bimodal. The exponential PSD and gamma PSD retrievals underestimate the particle size by about 60% and 30%. The units of D mass and IWC are micrometers and milligrams per meter cubed, respectively. agrees better with the measurements. As we can see, the two-parameter PSD functions are applicable for retrieving particle size only where the actual PSD is not significantly bimodal, such as for the cases in classes 5-7. Nevertheless, the IWC can be retrieved with better precision generally than the particle size. Accurate retrieval of bimodal PSDs will require additional independent information such as lidar-derived visible extinction or perhaps full Doppler spectra instead of just the moments of the Doppler spectrum.
To develop a means for estimating when a particle distribution assumption is most appropriate for the PSD, we plotted the corresponding mean and standard deviation of temperature, the normalized distance to the cloud top, and three radar moments in Fig. 11 . The number of cases in each class is noted in the radar reflectivity panel. There are totally about 1800 cases, while about 85% are in the first four classes. These results are consistent with the results in Mace et al. (2002) in which they show that although particle spectra with bimodal tendencies are common, single-mode functions are able to capture the essential characteristics of these spectra within observational uncertainty for most cirrus. This figure is also consistent with Fig. 2 in Mace et al. (2002) , which shows that the possibility of significant bimodality increases for warmer temperatures and larger radar reflectivity.
The deviations of the retrieval from in situ measurements as well as the mean and standard deviation (under the dash) of the five indicators plotted in Fig. 11 are listed in Table 2 for both the exponential PSD and gamma PSD retrievals. As r between the actual PSD and the retrieved exponential PSD decreases, the mean of the temperature, the normalized distance to cloud top, and the radar reflectivity changes almost monotonically. We find that for the first four classes, the retrieval using the exponential PSD function reproduces the mass mean particle size and IWC to within 40% and 10% uncertainty and within 10 cm s Ϫ1 deviation for W m . For the next three classes, the gamma PSD with ␣ ϭ 5 produces more accurate retrievals, especially for IWC. Therefore, as a criterion (underlined in Table 2 ), when the normalized distance to the cloud top is larger than 0.4, the cloud temperature is warmer than 235 K, and the reflectivity is larger than Ϫ20 dBZ, a modified gamma function with ␣ ϭ 5 is more appropriate for the PSD. For the full in situ dataset examined here, the average of the retrieved error resulting from the PSD assumption for the IWC, D mass , and W m are within 25%, 20%, and Ϯ10 cm s
Ϫ1
, respectively. Because none of the other uncertainties mentioned earlier are considered in this observation simulation study, these error estimates should be regarded as absolute lower limits on the algorithm uncertainty that will likely not be obtained in actual practice.
b. The sensitivity to the estimation of W
The algorithm uncertainties resulting from the estimation of W are examined by simulating the radar Doppler moments using the fitted exponential PSD and From these simulated radar moments, the retrieval is calculated by reasonably deviating the estimation of W by Ϯ40% or Ϯ20% from the actual value, and then comparing the retrieval with the results from the unperturbed W . The results are shown in Fig. 12 . When W is overestimated, the retrieved is larger than the true value, the retrieved D mass and W m are underestimated, and the IWC is overestimated. The reverse is true if W is underestimated. However, the uncertainties of D mass and IWC are different for different particle sizes. For the larger particle size and smaller IWC, the uncertainty is very small; for the smaller particles, the error caused by a 40% deviation of W could be as large as 50% for the mass mean length and 30% for the IWC. This is consistent with the results shown in Fig. 3c . For the smaller particles, the contribution of W to the Doppler spectrum width becomes significant, whereas the retrieval would be more sensitive to the estimation of W . This sensitivity study illustrates that this algorithm may have relatively large uncertainties when the particle sizes are small and the effect of turbulence on the spectrum width is large. The mean and standard deviation of the retrieval from different W estimations are shown in Table 3 .
c. The sensitivity to the power-law fit parameters
Retrieval errors also arise from other sources of uncertainty such as the power-law parameters in the empirical relationships (a m , b m , a d , and b d ). The sensitivity of the algorithm results to these parameters is examined in a similar way using 1500 sets of radar moments simulated from the forward model based on aircraft data observed on 9 and 13 , and Ϫ32.3 Ϯ 41.0 cm s Ϫ1 for D mass , IWC, and W m , respectively. By changing one empirical parameter at a time by Ϯ20% and keeping the others constant, the retrieval is compared with the unperturbed result. The uncertainty of D mass and IWC is shown in terms of the relative deviation (%). For W m , the uncertainty is shown in absolute deviation in centimeters per second. The three numbers in each cell in Table 4 are the mean, maximum, and minimum of the deviation from the truth. IWC is sensitive to all parameters, while D mass and W m are not sensitive to a m . In comparing the results, the retrieved D mass is very sensitive to b m , which is comparable in magnitude to the error that arises from the uncertainty in the estimated W . The retrieved IWC is also very sensitive to b m . The vertical velocity is very sensitive to b d . A 20% error in b d produces 15 cm s Ϫ1 uncertainty in the retrieval. In comparison with Table 3 , the error resulting from the power-law parameters can be larger than the error resulting from the estimation of W . Assuming the uncertainty from each parameter is independent, the uncertainty from all four parameters and W estimation with 20% error should be 21%, 80%, and Ϯ17 cm s Ϫ1 for D mass , IWC, and W m , respectively, using the error propagation law (Bevington and FIG. 11 . The mean and standard deviation of the temperature, the normalized distance to the cloud top, and the three radar Doppler moments of the seven classes (cf. Fig. 10 and the text) . The number of the cases in each class is noted in the radar reflectivity panel. In total, there are about 1800 cases. About 85% of the cases are in the first four classes, which has a PSD that can be represented reasonably with an exponential or gamma PSD.
Robinson 1992). These uncertainties are consistent with those predicated from the optical estimation theory (35%, 85%, Ϯ20 cm s Ϫ1 ), assuming 20% variation in the parameters and W , among which a 20% variation in the measurements are assumed.
Algorithm validation with in situ measurements
In situ data provide first-hand measurements of cloud particle size and mass. Even though the data may have time or location differences from the groundbased observations and there are often significant uncertainties in the measurements themselves, aircraft data provide the most direct validation of the groundbased retrievals. As an illustration, a case study is presented using MMCR observations on 13 March 2000 at the ARM SGP site. The MMCR reflectivity and the flight track are plotted in Fig. 13 . Cirrus clouds in this case are continuous and physically thick. The UND Citation sampled this layer, and only data collected in the horizontal legs are used to validate the algorithm. The in situ air mean velocity and turbulence standard deviation are calculated using Eq. (7) from 15-s averages of 25-Hz Citation data collected during level flight legs. The cloud IWC was measured by the counterflow virtual impactor (CVI; Twohy et al. 1997 Twohy et al. , 2003 ; D mass is calculated from the citation PSD and CVI data. The cirrus microphysical properties and the turbulence parameters are retrieved with the current algorithm from MMCR data, which are collocated at the same height and time period with the in situ data. The mean and standard deviation of the empirical parameters used in the retrieval are listed in Table 5 . The retrieval is compared with in situ data in histogram plots in Fig. 14 . The comparison demonstrates that the algorithm can determine the cloud microphysical properties and air mean velocity with reasonable errors: 50% for IWC, 30% for the particle size, and Ϯ15 cm s Ϫ1 for the air mean vertical velocity in the radar sampling volume. Even though W is estimated, it is surprisingly in very good agreement with in situ data, which indicates that the error in W introduced by the empirical method described above is small in this case (less than 20%). The retrieved mean error for , N o , and W m are 50%, 30%, and Ϯ20 cm s Ϫ1 , respectively. Assuming a 30% error in the parameters of the mass-length relation (a m , b m ), the derived mass mean length and IWC should have a mean error of 30% and 70%. As a result, the uncertainty from the in situ comparison is within the retrieval error predicted by the optimal estimation framework. This algorithm is developed for application to tropical cirrus data as well. In situ comparison from one case of aged anvil cirrus is also shown using CRYSTAL FACE data. The CRYSTAL FACE project was designed to study the evolution and radiative properties of the tropical anvil cirrus and took place in south Florida during July 2002. Cirrus on 16 July 2002 were observed by ground-based 94-GHz cloud radar at the western ground site near Everglades City, Florida, from 1840 to 1910 UTC. The retrieved D mass , IWC, and the mean vertical velocity are shown in Fig. 15 . The citation spiraled through the cirrus layer (8-12 km) from 1900 to about 2000 UTC, which was about an hour after the clouds were observed by the ground site. The location of the dissipating anvil system was approximately 50 km west of the ground site during the spirals. Even though the location and time of the aircraft and radar observations were not coincident, we found a reasonable agreement between the measured and retrieved IWC and D mass , although the breadth of the in situ data distribution were substantially larger than that found from the ground-based observations (Fig. 16) . The turbulence information from the aircraft is not considered to be reliable because the aircraft did not fly level legs through this layer. Another source of uncertainty here might be resulting from Mie scattering from the 94-GHz cloud radar signal (Kollias et al. 2003) , which is not considered in the retrieval algorithm.
Summary and conclusions
In this paper, an algorithm using the first three Doppler moments is developed to retrieve cirrus microphysical properties and the mean air vertical motion in the radar sample volume, as well as their errors, simultaneously. As stated in Gossard (1994) , the observed Doppler spectrum results from the convolution of a quiet-air radar reflectivity spectrum, determined by the distribution of particle sizes, with the turbulence PDF. However, instead of expressing the convolution integral in terms of the particle fall velocity, we integrate the convolution integral over the air motion so that we can explicitly solve for the mean vertical velocity within the sample volume.
Assuming that the particle size distribution and the turbulence PDF can be approximated with exponential functional shapes, the set of equations describing the Doppler spectrum moments are inverted using optimal estimation theory to derive the particle size distribution, the mean vertical velocity of the air in the sample volume, and objectively derived retrieval error. To avoid an ill condition problem, W is considered as a parameter in the algorithm and is predetermined from the Doppler spectrum width and radar reflectivity based on the observation that the spread of the particle size distribution in the velocity domain dominates the Doppler spectrum width measurement for most cirrus. Based on this approach a method for providing a reasonable first guess for the inversion of the forward model is proposed.
The algorithm is also formulated in terms of a modified gamma distribution of various orders so that the 
sensitivity to the assumed functional shape of the particle size distribution can be tested using in situ aircraft measurements of cirrus particles and turbulence. We find that single-mode functional shapes as used here more reliably represent the in situ data in the upper two-thirds of cirrus layers, and in such cases an exponential assumption for the particle size distribution produces results as accurate as the modified gamma distribution. In the lower portions of the midlatitude cirrus layers considered, bimodality in the particle size distribution appears to become predominant and neither single-mode functional form represents the measurements very well. It also appears that the IWC can be measured more reliably through a greater depth of the cirrus layer than can the mass mean particle size. A simple set of guidelines for application of the algorithm is presented. We also test the sensitivity of the algorithm to the parameters in the power-law relationships that describe the ice particle mass and the terminal velocity and W . We show in appendix A that the independent parameters used in this algorithm are those describing the particle mass and cross-sectional area in terms of the particle maximum dimension. We find that the algorithm results are extremely sensitive to the proper choice of these empirical parameters. We emphasize that most retrieval algorithms are very sensitive to these types of assumptions and algorithm error estimates should account for uncertainties in such model assumptions. Given the variability in cirrus microphysical properties, the advent of orbiting active remote sensors (Stephens et al. 2002) , and the hyper sensitivity of cloud property retrieval algorithms to such assumptions, there is a pressing need for a more extensive global library of mass-and area-dimensional relationships for use in retrieval algorithms.
Algorithm validation with in situ data is also accomplished using data collected in middle-latitude cirrus and in decaying anvil cirrus. In the middle-latitude case, we are able to examine the validity of the air motion estimates and find a reasonable comparison with in situ data in a particular case. The comparison demonstrates that the algorithm can determine the cloud microphysical properties and air mean velocity with reasonable errors: 50% for IWC, 30% for the particle size, and Ϯ15 cm s Ϫ1 for the air mean vertical velocity in the radar sampling volume.
In a following paper, this algorithm is applied to MMCR data collected at ARM sites from the Tropics and middle latitudes. The retrieval dataset is analyzed to examine the difference of cirrus properties at different locations and to develop a potential parameterization of mass-weighted particle fall velocity using temperature and IWC. 
APPENDIX A
The Relation between the Power-Law Parameters
As used in Mace et al. (2002) and in this algorithm, there are three sets of parameters from power-law relationships that describe the radar backscattering cross section (a z , b z ), mass (a m , b m ), and terminal velocity (a , b ) in terms of the particle maximum dimension D. However, these parameters are not entirely independent of one another. The consistency of these parameters among the relationships is important for the accuracy of the retrieval algorithm results. In this appendix, the relationship between the radar backscattering cross section and the mass-dimensional power-law parameters are derived in two different ways.
a. Through the effective density parameters
The water equivalent radar reflectivity is described as where D is the maximum dimension of an ice crystal. The integration in the first part is over the backscattering coefficient . In Eq. (A1), the radar cross section is parameterized with a power-law fit , where a z and b z are the parameters. For small particles, the radar cross section can be simplified as
where D is the volume equivalent particle size defined as the diameter of a sphere containing the volume of solid ice composing the nonspherical particle. This assumption is key and is shown to be true for particles less than 800 m at 35-GHz wavelength (Donovan et al. 2004) . Then, Eq. (A1) can be written as
The mass-dimensional power-law relationship can convert D to maximum dimension D:
where e (D) is the effective ice particle density (Heymsfield et al. 2004 minal velocities. Thus, the terminal velocity power-law parameters are not totally independent of the massdimensional assumption but do implicitly include information about particle area even though it is not explicitly discussed here. Table B1 contains a list of the variables and constants used in this paper. 
APPENDIX B

List of the Variables and Constants Used
